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Abstract

NATURAL frequencies of a trapezoidal cantilever plate of
variable thickness, which model an aircraft wing struc-

ture approximately, are determined using energy techniques.
Characteristic orthogonal polynomials in two variables are
constructed to describe the structural deflections, which are
used in the Rayleigh-Ritz method to obtain the natural fre-
quencies. The fundamental natural frequencies for different
parameter values are also obtained using a deflection function
containing an optimized exponent. The first technique can be
used to obtain the natural frequencies and corresponding
mode shapes for the preliminary design of aircraft wing struc-
tures.

Contents
Introduction

For the determination of the first few natural frequencies,
an aircraft wing can be modeled as a trapezoidal plate with
variable thickness, as shown in Fig. 1. Bhat1 proposed the use
of beam characteristic orthogonal polynomials as deflection
functions for the vibration of plates of rectangular geometry
and characteristic orthogonal polynomials in two variables2

for plates of arbitrary geometry. In the present paper, charac-
teristic orthogonal polynomials in two variables are employed
in the Rayleigh-Ritz technique to solve for the vibration of
cantilever trapezoidal plates with variable thickness. The re-
sults are compared with those obtained using the Rayleigh
method with an optimized exponent in the deflection expres-
sion.3

Characteristic Orthogonal Polynomials in Two Variables
A polynomial in two variables can be constructed by using

the following sequence of monomials:

fi(x,y)-*l, x, y, x2, xy, y2, x3, x2y,..., xn~kyk
(1)

The first member in the orthogonal polynomial set is con-
structed so as to satisfy at least the geometrical boundary con-
ditions of the structure. If the plate has m number of geomet-
rical boundary conditions, the first member can be assumed
with (m + 1) terms in the form

m
<i>\(x,y) = £ Cjfi(x,y) (2)

i = 0

Using the m boundary conditions in <i>\(x,y), all the constants
cf can be expressed in terms of one constant, say c0, which can
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be arbitrarily set as unity. Arranging pairs of integers (n,k)
n > k > 0, by lexicographic ordering, another pair of integers
(m, £)<(«,&) if either m <n or m = n and g<k. The <t>\(x,y)
can be expressed as a power series in terms of the monomials
in Eq. (1) as

<t>\(x,y) = pn,k(x,y) = £ c(m, e;n,k)xm~y (3)
(m,f)<(n,k)

The following recurrence relations are used to construct or-
thogonal polynomials4:

(/!+!,*)

xpn,k(x,y) = E <*(m, e',n,
(m,l) = (/i-l, k)

(4)

,

ypn,k(*>y) = £ b(m,e;n,k)pmtt(x,y) (5)
(m,e) = (n-l,k-l)

The constants a(m, t;n,k) and b(m, l\n,k) can be evaluated us-
ing the orthogonality relation

II vi(x,y)pn,k(x,y) -Pm,t(x,y) dx dy

= 0 if (m,e)*(nfk)

= Hn>k if (m,f)*(n,k) (6)

where the integration is over the plate area and i\(xty) is a
weight function. For example, fafay) may be obtained using
Eq. (4) as

x<t>\(x,y) = a(n,k;n,k) <t>i(x,y) + a(n + l,k;n,k) <h(x,y) (7)

The constant a(n,k;n,k) can be obtained using Eq. (6) as

a(n,k;n,k) = II • <t>2i(x,y) dx dy
JJ y(x,y) <ti(x,y) dx dy (8)

For plates of variable thickness, the weight function rj(x,y)
can be chosen to describe the thickness variation.

Fig. 1 Trapezoidal cantilever plate.
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The first member of the orthogonal set is taken as

4>i(x,y) = x2[l + mMx/a)] (9)

where ra0 = (a/hQ) tana0, h0 is plate thickness at x = 0 and a is
shown in Fig. 1. Two more members are constructed using
Eqs. (4-8) as

= y<t>i -
(10)

(ID
where

JJ dx dy
JJ i ch: dy

ii rj(x,y)y<t>j dx dy
JJ

The weight function for the structure in Fig. 1 is chosen as

il(x,y) = 1 + m0h0 x/a (12)

Eigenvalue Analysis
The plate deflection is expressed in the form

W(x,y) = £ At4>,(x,y)
1=1

(13)

The kinetic and strain energies of the plate are

^max = '/W Jj h (x,y) W\x,y) dx dy (14)

t/max = >/2 JJ D[W^ + W2
yy + 2vWxxWyy + 2(1 - v)W%\ d* dy

(15)

where p is density of plate material, v Poisson's ratio, h(x,y)
the variable thickness, D = Eh3(x,y)/12(l - p2) the flexible
rigidity, and subscripts x and y denote differentiation with re-
spect to the subscript variables as many times as they appear.
Substituting the deflection function into the energy expres-
sions and minimizing the Rayieigh quotient with respect to
coefficients Af yields the eigenvalue problem. The solution of
the eigenvalue problem will provide the natural frequencies
and mode shapes.

Rayieigh Method with Optimized Exponent
A first-order approximation for the fundamental mode of

vibration for the cantilever trapezoidal plate in Fig. 1 is ob-
tained by disregarding the deflection variation in the y direc-
tion. The deflection is assumed as

+ fax2 + fax + ft) (16)

where 7 is an exponent that will be optimized later. The con-
stants ft, / =0,1,2,3 are obtained by satisfying the bound-
ary conditions in the x direction, W(Q) = Wl(Q) = Wn(a) =
Wm(a) = 0. Substituting for W in the energy expressions in
Eqs. (14) and (15), the fundamental natural frequency is ob-

Table 1 Fundamental frequencies of cantilever
trapezoidal plates, \\ = p/io04wi//>o
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1) Characteristic orthogonal polynomials in two variables.
2) Rayieigh method with optimized exponent.

tained in terms of the exponent T. Since coi is an upper bound,
it can be optimized with respect to the exponent 7 as

(17)

Numerical Results
Table 1 presents a comparison of frequency coefficients

obtained by the two approaches previously described where
\i = (pM4/A))wi and DQ = Eh$/[\2(\ -y2)]. Since only three
terms are used in the first method using orthogonal polynomi-
als, only the fundamental frequency values are listed. In gen-
eral, the agreement is good, from a practical engineering view-
point. Rayieigh results with optimized exponent provide good
approximation for the fundamental frequency. Accuracy of
the natural frequencies can be increased by considering a
greater number of orthogonal polynomial terms in the deflec-
tion expression in Eq. (13).
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